We consider fluid-particle solvers computing the hydrodynamic interactions between rigid spheres with prescribed velocities moving in a Stokes fluid. This work proposes a new method to deal with the singularities which occur when the distance between particles with different velocities is small. Such situations yield large hydrodynamic forces which are localized in narrow areas and are thus difficult to capture numerically. To treat this difficulty, we use the superposition principle to decompose the solution into regular and singular parts. The forces and torques generated by the singular parts are obtained by interpolating over a set of values computed off-line. Then, one can use any standard numerical method to obtain an accurate approximation of the forces and torques generated by the "regular" part of the data. Numerical tests show that this singular-regular decomposition method improves the accuracy of the (now standard) Stokesian Dynamics lubrication correction.
A large amount of research has been conducted these last years to develop numerical tools in order to study the motion of objects in suspension in a Stokes fluid (see e.g. Patankar et al. (2000) and references therein for finite element methods, Cichocki et al. (1994) or Yeo & Maxey (2010) and references therein for multipole decomposition methods). Such systems are used to model the sedimentation of particle suspensions. They are also well fitted to model nano-scale swimmers, such as sperm cells, swimming bacteria or unicellular algae. Motivation also comes from recent advances in creating artificial nano-scale swimmers designed to deliver medication from nano-sized medical devices -see e.g. Douglas et al. (2012) as an example of the biomedical engineering activity in this area. The present work is more precisely motivated by the numerical simulation of theoretical artificial swimmers made of a finite number of balls studied in Alouges et al. (2008) ; Lefebvre-Lepot & Merlet (2009) or Alouges et al. (2013) .
We consider N identical rigid spherical particles suspended in a viscous fluid that fills the whole space. We neglect inertia and consider a Stokes flow with vanishing conditions at infinity. The data are the instantaneous velocities and angular velocities (U i , ω i ) 1 i N of the particles. These velocities provide boundary conditions to the Stokes † Email address for correspondence: benoit.merlet@cmap.polytechnique.fr flow in the fluid domain and we want to compute the hydrodynamic forces and torques (F i , T i ) 1 i N generated by this flow on each particle. The well known difficulty in such numerical simulations is to take into account the singular lubrication forces exerted by the fluid remaining in the gap between close particles. In Section 1, we introduce the model, describe the standard Stokesian Dynamics correction introduced in Durlofsky et al. (1987) to deal with lubrication in numerical simulations and discuss its accuracy. We show that this correction to treat the interactions between close particles requires an improvement in the presence of large forces. In Section 2, we introduce a singular-regular decomposition method which is close to the method of Sangani & Mo (1994) . The main difference is the way the singular part of the forces and the velocity field is approximated. We present numerical experiments in Section 3 and compare our correction method to the standard correction of the Stokesian Dynamics. In particular, we show the good behavior of our method for the computation of the displacement of the 3-sphere swimmer introduced in Najafi & Golestanian (2004) .
Spherical particles in a Stokes flow

The model and its Integral formulation
We consider N non-intersecting spherical solid particles B 1 , · · · , B N immersed in a viscous fluid. We denote by r 1 , · · · , r N the centers of the particles and for simplicity, we suppose that the particles have the same radius ρ = 1. The instantaneous translational and rotational velocities U i and ω i of particle i are known. We suppose that the fluid is of infinite extent in the three directions and denote by Ω f = R 3 \ ∪B i the domain filled by the fluid. The fluid velocity u and the pressure p solve the Stokes equations in the fluid domain, ∇ · σ = 0 and ∇ · u = 0 in Ω f (1.1)
where σ = ∇u + ∇u T − pId is the stress tensor in the fluid. Without loss of generality, the viscosity of the fluid has been chosen equal to 1. On the surfaces of the particles, we consider a no-slip condition,
The velocities v i correspond to the rigid displacements of the particles,
Finally, we suppose that the fluid is at rest at infinity:
The object of the present work is, (U i , ω i ) 1 i N being given, to compute accurate approximations of the total forces and total torques exerted by each particle on the fluid: 5) where n j denotes the exterior unit normal to the particle B j and f j = −σ n j is the surface density of forces exerted on the fluid by the surface ∂B j . By linearity of the Stokes equations and of formulas (1.5), we have in fact to approximate a linear operator, namely, the resistivity operator
which describes the hydrodynamic interactions between the particles.
Let us extend the fluid domain by assuming that the fluid also fills the interior of the particles: we setΩ f := R 3 \ ∂B i . We also extend the class of prescribed velocities on ∂B i by considering general boundary data g i : ∂B i → R 3 satisfying the constraint
0 , we consider the solution (u, p) of the homogeneous Stokes equations inΩ f with boundary conditions u = g i on ∂B i for i = 1, · · · , N †.Eventually,
where σ ext (σ int ) is the trace on ∂B j of the stress tensor σ = ∇u + ∇u T − pId from the exterior (the interior) of ball B j . This defines a symmetric operator,
This operator is called the generalized resistivity operator. It associates to the boundary data (g 1 , · · · , g N ) the densities of hydrodynamic forces (f 1 , · · · ,f N ) exerted by the spheres ∂B 1 , · · · , ∂B N on the fluid. Now, for j = 1, · · · , N , we define the total force and torqueF j andT j exerted by ∂B j as in (1.5). We easily check that the interior force density σ int n j does not contribute tõ F j andT j (this follows from the Stokes formula and the fact that σ is a symmetric and divergence free tensor).
Consequently, for (
, we have (F j ,T j ) = (F j , T j ) and the resistivity operator R writes R = Π R Π, where Π denotes the projection on the space of rigid velocities:
The advantage of the extension of the fluid domain appears when we consider the inverse M = R −1 of the generalized resistivity operator. Indeed, the velocity field u solves the non-homogeneous Stokes equations in R 3 with a surface source term located on ∂B 1 , · · · , ∂B N with densitiesf 1 , · · · ,f N . This velocity field is obtained by convolution of the sources with the Stokeslet
This explicit formula for the operator M is at the basis of boundary element methods. It is also the heart of the spectral discretization we used to test the different correction methods in our numerical experiments. In short, this method consists in computing a projection M L of the approximate generalized mobility operator M on a finite dimensional basis made of the Vectorial Spherical Harmonics of order l L. In a second step, we obtain an approximate resistivity matrix by computing
In the sequel this method is called the direct method (a precise description can be found in Cichocki et al. (1994) for example). Note that the lubrication correction method we propose can be easily adapted to any other fluid-particle solver. † To uniquely determine the pressure, we impose for example B i p = 0 for i = 1, · · · , N . 
The Stokesian Dynamics correction for close particles
As a spectral method, the direct method leads to an exponential convergence rate of R L towards the exact resistivity matrix R for any given position of the particles. However, the method degenerates as the minimal distance between particles goes to 0. Indeed, when some particles are almost in contact, the possible discrepancy between the prescribed velocities on both sides of the thin gaps between particles leads to large magnitudes of ∇u. This phenomena combines with the incompressibility constraint to generate large lubrication forces with force densities located in small areas. More precisely, let us consider two isolated spheres B − , B + with centers on the x axis separated by some (small) distance d, i.e. r ± = ±(1 + d/2, 0, 0) (see Figure 1) . We rewrite the prescribed velocities v ± (r) = U ± + ω ± × (r − r ± ) on ∂B ± as 
The total force and torque (F − , T − ) then expand as follows as d goes to 0 -see Cox (1974) .
These large total forces correspond to force densities concentrated in spherical caps with typical radius O( √ d). This is illustrated by Figure 1 in the more singular case U ± = ∓(1, 0, 0): the magnitude of the force densities exerted by ∂B − are displayed for different values of d. For such localized densities, a large number of degrees of freedom (n dof ≫ 1/d) is required in order to capture the relevant phenomenon (very fine meshes for finite element methods). For the spectral discretization of the direct method, this corresponds to a truncation order satisfying L ≫ 1/ √ d.
To avoid using such costly simulations, the idea proposed in Durlofsky et al. (1987) for the Stokesian Dynamics is to correct the resistivity matrix by using exact values of the hydrodynamic interactions between each pair of close balls. Let us briefly present this method. We first introduce a cut-off distance δ > 0. Denoting by d i,j the distance between the particles B i and B j , the set of pairs of close particles is defined as
(1.13)
Now, if R L is the approximation of R computed thanks to the direct method with a truncation order L, then the corresponding Stokesian Dynamics approximation of R is given by the formula
(1.14)
The correction R i,j is the exact resistivity operator (or a very accurate approximation) describing the interactions between the close particles B i and B j seen as an isolated pair. The last term R L i,j is the poor rank L approximation of these interactions which was already present in R L and has to be substracted. This correction of the lubrication forces has been largely used for suspension simulations (see e.g. Brady & Bossis (1988) ; Ladd (1988) ; Cichocki et al. (1994) ) and a modified method to compute the lubrication corrections R i,j and R L i,j has also been proposed in Cichocki et al. (1999) . The correction (1.14) is very efficient and accurate in many cases of interest. However, it only concerns pairs of close particles: a third particle in the neighborhood of a pair of close particles is not affected by this correction. Let us assess the remaining error on a toy model. We consider a system of three particles B 1 , B 2 , B 3 with centers on the x-axis and such that r 2 = r 1 + (2 + d)e x and r 3 = r 2 + (2 + D)e x , so that d 1,2 = d with 0 < d < δ and d 2,3 = D = O(1). Let us consider the two dimensional space E = b 1 , b 2 generated by b 1 := (v 1 = −e x , v 2 = e x , v 3 = 0) and b 2 = (v 1 = 0, v 2 = 0, v 3 = e x ) and let us assume for simplicity that E is stable by R. The projections of the resistivity and mobility operators on E have the form
where a = O(1) depends on D. Now, assume that on one hand, the truncation order L is sufficient to obtain an accurate approximation of the interactions between B 3 and the pair B 1 , B 2 and of the self-interactions of B 3 but that on the other hand L 1/d so that we have a poor approximation of the lubrication forces between B 1 and B 2 . Under these assumptions, we obtain an approximate mobility matrix of the form
The corresponding approximation R 
The correction (1.14) eliminates the leading order term O(1/d) of the error but does not affect the non-diagonal O(1) error terms. The influence of the remaining error has negligible influence when we consider relatively small hydrodynamic forces. Indeed, in such cases, close particles have nearly identical velocities to avoid large lubrication forces. On the other hand, the correction (1.14) may be inadequate when hydrodynamic forces have to balance large non-hydrodynamic forces as it happens when we consider nano-scale swimmers. In these cases, there is a need for numerical methods which are accurate even in the presence of large forces. We present such a method in the next section.
The singular-regular decomposition method
We propose to split the solution (u, p) of (1.1,1.2) into a singular part (u lub , p lub ) which contains the short range lubrication interactions and a regular remaining part (u 0 , p 0 ). More precisely, we will decompose the velocity field as,
For (i, j) ∈ P, the couple u (i,j) , p (i,j) handle the large variations of (u, p) localized in the small gap between B i and B j which are due to the difference between the prescribed velocities on ∂B i and ∂B j . We obtain the singular part of the solution u lub , p lub by interpolating into tables computed off-line. The regular remaining part u 0 , p 0 can be computed by using any standard numerical method with a reasonable number of degrees of freedom. As already mentioned in the introduction, such a decomposition was proposed in Sangani & Mo (1994) , where the singular part of the velocity and pressure fields was approximated using an asymptotic development of the solution up to a fixed order. Here, we propose a numerical method to compute these fields which allows us to reach any given precision by making the numerical parameters go to infinity.
Let us define more precisely the singular fields (u (i,j) , p (i,j) ). We first fix a cut-off distance δ > 0 and define the set of close pairs of particles P as in (1.13). Now, for every pair (i, j) ∈ P, we decompose the given velocity field on ∂B i and ∂B j according to (1.8,1.9,1.10) †. We obtain the decomposition,
Then, we consider the fictitious fluid domain Ω
we replace the particles B k , k ∈ {i, j} with fluid). The "singular" field u (i,j) , p (i,j) is defined as the unique solution of the problem
By linearity, (1.1,1.2,1.4) together with (2.2) implies that the remaining part u 0 , p 0 in (2.1) solves the following Stokes problem in Ω f :
The new boundary condition v 0 being given by
Notice that for (k, l) ∈ P and i ∈ {k, l}, the velocity field u (k,l) does not correspond † Of course, we proceed to a change of coordinates to transport the centers of Bi and Bj on the x-axis. to an instantaneous rigid motion and in general, the velocity field v 0 i does not have the simple structure (1.3). On the other hand, the velocity field u (k,l) is uniformly smooth away from the contact point Let us now come back to our initial problem: (U i , ω i ) i being given, compute the forces (F j ) j and torques (T j ) j exerted on each particle and given by (1.5). Suppose that u 0 and u (i,j) for (i, j) ∈ P have been computed using any available method. Then, by linearity, we have with obvious notation,
(2.5)
In fact, in the above formulas, we only need to sum the terms
To conclude, this section, let us describe the way we have implemented the singularregular decomposition method.
First, for the computation of the regular field u 0 , we have used a discretization of the integral formulation based on a decomposition of the data and unknowns in Vectorial Spherical Harmonics -i.e. we used the direct method cited in Section 1.1.
Next, the singular velocity fields u (i,j) and the contributions F
for (i, j) ∈ P and k = i, j are obtained by interpolation with respect to the parameter d i,j = d into tables computed off-line. More precisely, up to a change of coordinates we can assume that B i = B − and B j = B + where B − , B + are the balls centered on the x-axis introduced in Section 1.2 with d = d i,j . We now use the notation of Section 1.2 and we identify B i with B − , B j with B + , u (i,j) with u (+,−) , v i with v − , etc. In view of (1.10) the boundary conditions v lub ± depend on the two vectorsÛ andω. We decompose these vectors as,
where e and e ′ are unit vectors of the plane e ⊥ x and α 1 , α 2 , α 3 , α 4 ∈ R. By linearity and using the symmetry of the problem with respect to rotations around the x-axis, the singular velocity field and the total force and torque exerted by ∂B − and ∂B + on the fluid have the form,
where u sing.,q is the singular velocity field corresponding to coefficient α q . For example, u sing.,1 is the solution to (2.2) where v lub ± is given by (1.10) forÛ = e x andω = 0. Hence, we need accurate approximations of the four velocity fields u sing.,q (d, r) and of the five functions G 1 , G 2 , S 2 , S 3 , S 4 . Let us start with the latter. In fact, from the expansions (1.11,1.12), we know that for X ∈ {G 1 , G 2 , S 2 , S 3 , S 4 }, we have
where the leading order terms X lead. (d) in these expansions are explicitly known. Our problem boils down to obtain accurate approximations of the functions
To do this, we have used the direct method to compute accurate approximations of F ± and T ± for d ranging over a fine grid
For the singular velocity fields, we have to chose a compact representation of the mappings r → u sing.,q (d, r),
and then build tables of the coefficients H n q (d h ), for d h ∈ G. For the numerical experiments below, we use the fact that u sing.,q solves the Stokes equations in R 3 \ B where B is the smallest ball centered at 0 which contains B − ∪ B + . Hence, we can use a multipole decomposition of u sing.,q (d, r). As above, we have used the direct method to build the tables H n q (d h ), d h ∈ G. Unlike the functions G q , S q , the coefficients H n q are regular at d = 0 and are well approximated by polynomial functions.
Note that the regular field (u 0 , p 0 ), as well as the values R X (d h ) and H n q (d h ), for d h ∈ G, can be computed using any fluid/particle solver.
Numerical experiments
Four particles configuration
In order to study the convergence of the singular-regular decomposition method, we consider four particles whose centers are respectively These configuration and displacements being given, we compute the forces and torques exerted on the four particles (F j , T j ) j=1...4 , using the three methods previously mentioned: the direct method, the Stokesian Dynamics correction and the singular-regular decomposition method. For the off-line computations of the last two methods, the truncation order used in the expansions in Vectorial Spherical Harmonic is L off-line = 61. The relative error for each method is represented on Figure 3 as a function of the truncation order L.
Three sphere swimmer
Let us consider the three sphere swimmer described in Najafi & Golestanian (2004) . This swimmer is composed of three identical aligned spheres (see Figure 4) . The particle i is centered at r i = x i e x , has velocity v i = u i e x and exerts the force F i = F i e x on the fluid.
The swimmer is completly described by the position of the central ball x 2 and the lengths l 1 , l 2 of the two arms. A stroke is defined as a periodic deformation of the shape of the swimmer which corresponds to a periodic function s ∈ [0, 1] → (l 1 (s), l 2 (s)) ∈ R 2 . Such a stroke being given, the question is to compute the corresponding displacement x 2 (1) − x 2 (0). The swimmer is supposed to be self-propelled so that sum of the forces exerted on the three balls have to be zero: i F i (x 1 , x 2 , x 3 , u 1 , u 2 , u 3 ) = 0.
(3.1)
Then, the displacement of the swimmer can be computed by solving (3.1). Note that, since (3.1) only involves the sum of the forces exerted on the three particles, the Stokesian Dynamics correction gives the same results as the direct method.
We consider the square stroke described on Figure 4 . We plot on Figure 5 the error for the direct and the singular-regular decomposition methods. The computations are carried out for different values of d. As expected, the smaller d is, the more useful is the singular-regular decomposition method.
